We evaluate the nonlinear coefficient of graphene-on-silicon waveguides through the coincidence measurement of photon-pairs generated via spontaneous four-wave mixing. We observed the temporal correlation of the photon-pairs from the waveguides over various transfer layouts of graphene sheets. A simple analysis of the experimental results using coupled-wave equations revealed that the atomically-thin graphene sheets enhanced the nonlinearity of silicon waveguides up to ten-fold. The results indicate that the purely χ (3) -based effective nonlinear refractive index of graphene is on the order of 10 −13 m 2 /W, and provide important insights for applications of graphene-based nonlinear optics in on-chip nanophotonics.
Introduction
Graphene, a two-dimensional honeycomb nanostructure of carbon atoms, has attracted a great deal of attention in the past couple of decades because of its unique physical properties [1] [2] [3] [4] [5] . Of these, graphene's third-order optical nonlinearity, which is responsible for its saturable absorption and nonlinear refractive index change, has been shown to be extremely large due to the linear band structure of π-electrons [6] . This remarkable property along with the ultrafast carrier dynamics [7] is highly beneficial for the application of graphene to nonlinear-optical processes such as mode-locking of ultrafast pulsed lasers [8] [9] [10] , wavelength conversion [5, [11] [12] [13] , nonlinear harmonic generation [7, 14, 15] , and supercontinuum generation [16] .
It is essential to characterize the material property of graphene for the applications. There are large discrepancies between the reported values of the third-order nonlinear coefficient of graphene. For example, the experimentally obtained effective nonlinear refractive index n 2,eff of graphene ranges from 10 −11 -10 −13 m 2 /W for stimulated four-wave mixing (FWM) [5, [11] [12] [13] 17] or optical Kerr effect (OKE) [16, [18] [19] [20] [21] [22] [23] [24] [25] to 10 −15 -10 −17 m 2 /W for third-harmonic generation (THG) [14, 15] . Not only the absolute value, but also the positive/negative sign of the effective nonlinear refractive index n 2,eff of graphene has been under active investigation [23, 24] . From theoretical point of view, the 4-6-order difference between the nonlinear coefficients corresponding to the FWM (or the OKE) and the THG has been predicted recently [26] [27] [28] . The negative sign of n 2,eff measured in [23] has also been described by a rigorous treatment of the third-order nonlinear conductivity tensor [29] . On the other hand, as for experimental works, the remaining 3-order discrepancy could originate from the material preparation (chemical potential) and experimental methods (see discussions in e.g., [13, 23, [29] [30] [31] ). In addition, the contribution of carrier dynamics [7, 25] rather than electronic χ (3) nonlinearity to optical nonlinear phenomena would also lead to the discrepancy. To resolve the discrepancy, further investigations from various viewpoints, e.g., evaluation methods to distinguish between the χ (3) nonlinearity and the photoexcited-carrier effect, are very important. Note that the simultaneous evaluation of both real and imaginary parts of the nonlinear coefficient using electrically-tunable graphene-covered silicon nitride waveguides [31] is a remarkable example in this context.
Photon coincidence measurement of correlated photon-pairs generated via spontaneous fourwave mixing (SFWM) is a useful method to evaluate the χ (3) nonlinearity, and is routinely used for quantum optical experiments [32] [33] [34] [35] [36] [37] . The coincidence measurement has two key advantages. First, it allows us to easily preclude photon generation from unwanted events, such as Raman scattering. Second, it can be conducted with a simple experimental setup consisting of a pump laser source, passive filters, and single-photon detectors. Hence, it enables us to validly estimate the χ (3) nonlinearity of a sample simply from the pump pulse information and the total photon loss of the system.
In this paper, we evaluate the nonlinear coefficient of graphene-on-silicon waveguides (GSWs) through the coincidence measurement of photon-pair generation via SFWM. We have observed the temporal correlation of the generated photon-pairs from GSWs over various transfer layouts (lengths and positions) of graphene sheets on silicon waveguides. To the best of our knowledge, this is the first observation of correlated photon-pairs from graphene. According to a simple theoretical analysis using coupled-wave equations [38] [39] [40] [41] , up to a ten-fold graphene-induced optical nonlinearity enhancement (NLE) was estimated from the observed photon-pair generation rates. The NLE agrees well with our previously reported value [16] estimated via supercontinuum generation in GSWs, which were fabricated with the same process as the samples in this work. Figure 1 shows a schematic of our GSW [16] . The silicon waveguides, with the fixed total length L of 0.5 mm and the widths W of 500, 600, and 700 nm, were fabricated on a silicon-on-insulator (SOI) substrate with a 250-nm-thick silicon layer using electron-beam (EB) lithography and electron cyclotron resonance-reactive ion etching (ECR-RIE). Note that, in this work, we chose shorter waveguides than those used in [16] (L = 2 mm) to explicitly show the contribution of graphene. A monolayer graphene sheet (p-doped, the Fermi energy of 0.2-0.35 eV [42] ) was transferred onto the waveguides and patterned using photolithography and O 2 -plasma reactive ion etching (RIE). The graphene width was fixed at 30 µm and the graphene lengths L gr were 10, 30, 50, 100, and 200 µm. Three graphene positions were investigated: (i) centered (L in = (L − L gr )/2), (ii) fixed input-length I (L in = 0.3 mm), and (iii) fixed input-length II (L in = 0.15 mm). The measured propagation losses α gsw of the graphene-covered region were 0.111±0.006, 0.081±0.004, and 0.067±0.005 dB/µm for W of 500, 600, and 700 nm, respectively. Spot-size converters (SSCs) with SiO 2 over cladding (OVC) were also fabricated on both sides of the GSWs for low-loss coupling with lensed fibers [43] . The SSCs have a tapered length of 0.15 mm and a tip width of 200 nm. Fig. 1 . Graphene-on-silicon waveguide (GSW). L is the total waveguide length and W is the waveguide width. L gr and L in are the lengths of graphene-covered region and input-side silicon waveguide, respectively. Spot-size converters (SSCs) with SiO 2 over cladding (OVC) were fabricated on both sides of the GSWs for low-loss coupling using lensed fibers. Figure 2 shows a schematic of the experimental setup. A continuous-wave (CW) pump laser operated at a wavelength λ p of 1551.1 nm was modulated into pulses with a duration ∆τ of 20 ps and a repetition rate R p of 1 GHz by a LiNbO 3 intensity modulator (IM). The pulses were amplified by an erbium-doped fiber amplifier (EDFA), whose amplified spontaneous emission (ASE) noise was reduced by using a band-pass filter (BPF). Then, the pulses were injected into the TE-like fundamental guided mode of the GSWs with a low-loss coupling (η couple ∼ −1.4 dB/facet) between a lensed fiber and the SSC [43] . To observe the correlated photon-pair generation via SFWM in GSWs, we conducted the coincidence measurement. The output fields were collected into a single-mode fiber by using another lensed fiber. The residual pump pulses were eliminated by using a notch filter (NF). Signal and idler photons were separated into the two output ports of a wavelength-division multiplexing filter (WDMF). Their center wavelengths were 1546.1 nm (signal wavelength λ s ) and 1556.0 nm (idler wavelength λ i ) with the bandwidth ∆ν of 0.12 THz (0.96 nm). The photons were detected with superconducting single-photon detectors (SSPDs), and their time correlation was measured with a time-to-digital converter (TDC). The total measurement loss η tot = η couple η filter η det of our experimental setup was −8.5 dB, where the filter loss η filter and the SSPD system detection efficiency η det were −6.1 and −1.0 dB (79.6%), respectively. The dark count rate of the SSPDs was 26 Hz.
Device description
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Photon-pair generation in graphene-on-silicon waveguides
Figures 3(a)-3(i) show the net photon-pair generation rate at the output end of the GSWs as a function of graphene length L gr with fixed pump peak power P p of 141 mW. The measurement time for each data point was 60 s. Two GSWs (with four bare silicon waveguides as references) were measured for each waveguide width W, graphene length L gr , and graphene position. Here, we defined the net photon-pair generation rate per pulse at the output end of the GSWs, µ, as [34, 35] 
where C c and C c, a are the raw coincidence rate (including the accidental coincidence count) and the raw accidental coincidence rate, respectively. To numerically evaluate the experimental results, we take the standard approach using the coupled-wave equations for the pump, signal, and idler fields propagating along the waveguide (defined as z-direction) [38] [39] [40] [41] 
where β(ω j ) (j = p, s, i), α(z), and γ(z) denote propagation constants at frequency ω j , propagation loss, and a nonlinear coefficient, respectively. For simplicity, we assume that the propagation loss α(z) is the same for all the fields and that the propagation constants β(ω j ) of the graphene-covered region are the same as that of the bare silicon waveguide region. Note that the z-dependence of the propagation loss α(z) and the nonlinear coefficient γ(z) are explicitly included in our calculation to investigate the graphene-induced loss and nonlinearity enhancement. The intense pump field amplitude A p can be treated classically, and the signal and idler field operatorŝ A s (z, ω s ) andÂ i (z, ω i ) are treated quantum mechanically in the Heisenberg picture. The pump field amplitude A p is normalized so that the pump peak power P p satisfies P p = |A p | 2 . The field operators are normalized by the commutation relation
. Cross nonlinearities induced by signal and idler fields are neglected.
In our experimental conditions, we assume that two-photon absorption (TPA) loss and freecarrier absorption (FCA) loss are negligibly small due to the relatively low pump power [40] and that the phase-matching condition ∆β = 2β(ω p ) − β(ω s ) − β(ω i ) = 0 is satisfied because of the small frequency detuning between the pump and signal/idler and the short waveguide length L. With these two assumptions, the above coupled-wave equations can be solved analytically and the photon-pair generation rate via the SFWM is given by
where Note that, for a uniform waveguide (i.e., α(z) = α 0 and γ(z) = γ 0 ), Eq. (5) becomes µ theory = ∆ν∆τ(γ 0 P p L eff ) 2 η 2 0 (where L eff = [1 − exp(−α 0 L)]/α 0 is the effective waveguide length and η 0 = exp(−α 0 L) is the linear loss factor), which is consistent with the results of previous work [40, 44] .
For our GSWs, Eqs. (6) and (7) can be rewritten as
where α sw (α gsw ) and γ sw (γ gsw ) are, respectively, the propagation loss and nonlinear coefficient of the bare silicon waveguide region (the graphene-covered region). Equation (8) consists of three terms: the contributions of SFWM in the input-side silicon waveguide, the graphene-covered region, and the output-side silicon waveguide. By curve fitting of the experimental results for each waveguide width W and graphene position using Eqs. (5), (8) , and (9), we estimated the nonlinear coefficients γ sw and γ gsw with the fixed propagation losses α sw = 2.0 dB/cm and α gsw =0.111, 0.081, and 0.067 dB/µm for W of 500, 600, and 700 nm, respectively. The average value of the measured nonlinear coefficients γ sw and γ gsw as a function of the waveguide width W are summarized in Table 1 . We obtained a six to tenfold graphene-induced optical NLE for all the waveguide width W. When waveguide width W increases, the nonlinear coefficients γ gsw of the graphene-covered region decrease due to decreasing electric field intensity at the graphene positions in the GSWs. The solid lines in Figs. 3(a)-3(i) represent the theoretical curve with the average value of the measured nonlinear coefficients, whereas the dashed lines show the case without graphene-induced optical NLE (i.e., γ gsw → γ sw , while the other parameters, e.g., α sw , α gsw , L gr , and L in , are the same as the solid lines to include the contribution of the graphene-induced loss). Although the photon-pair generation rate µ monotonically decreases with increasing graphene length L gr due to the large graphene-induced propagation loss in both cases, the decreasing slopes of the solid lines are gentler than those of the dashed lines (no NLE). Thus, our results clearly reflect the graphene-induced optical NLE. The NLE obtained here agrees well with our previously reported value [16] . In that work, the nonlinear coefficients γ sw and γ gsw for the waveguide width W of 600 nm were numerically calculated to be 117 and 1150 /W/m, respectively, with the overlap between the mode field distribution and graphene, under the assumption that the effective nonlinear refractive index n 2,eff of graphene is 1 × 10 −13 m 2 /W (the nonlinear refractive index n 2 of bulk silicon was assumed to be 4.2 × 10 −18 m 2 /W [45] ). The NLE was confirmed through supercontinuum generation in the GSWs with ultra-short (80 fs) pump pulses. Because this pump timescale was much shorter than the effective free carrier lifetime in GSWs [24, 25] , the NLE would predominantly originate from the χ (3) nonlinearity rather than the carrier dynamics. Thus, the agreement with the NLE evaluated through the coherent χ (3) -based nonlinear process (SFWM) in this work would be reasonable. In addition, the NLE is also consistent with the results of several other previous works, such as the stimulated FWM [5, 11, 12] and femtosecond-pulse experiments of the OKE [22, 23, 25] . Therefore, although the differences in the material preparation in these previous works should be taken into account, our results indicate that the purely χ (3) -based effective nonlinear refractive index n 2,eff of graphene is on the order of 10 −13 m 2 /W. Note that, in this work, we use the effective nonlinear refractive index n 2,eff for convenience to compare our results with the various previous works although the conventional nonlinear refractive index n 2 for three-dimensional materials cannot be defined for two-dimensional materials, as discussed in several theoretical papers [28, 29, 46] . As with the recent experimental works [13, 31] , the use of the two-dimensional nonlinear conductivity (or the two-dimensional nonlinear susceptibility defined in [46] ) would be appropriate for future work. Figure 4(a) shows the net photon-pair generation rate at the output end of the GSWs as a function of pump peak power P p with the fixed graphene length L gr of 100 µm and the graphene position of (iii) fixed input-length II (L in = 0.15 mm). The solid lines represent the results of curve fitting using Eqs. (5), (8) , and (9) . Our results clearly reveal the P 2 p -dependence of the photon-pair generation rate. This P 2 p -dependence validates our theoretical model and indicates that the photon-pairs measured here are generated via SFWM. Finally, Fig. 4(b) shows the measured coincidence to accidental coincidence ratio (CAR) C c /C c, a as a function of pump peak power P p with the fixed graphene length L gr of 100 µm and the graphene position of (iii) fixed input-length II (L in = 0.15 mm). The CAR values of the GSWs (CAR∼3-5) are lower than those of the bare silicon waveguides (CAR∼20), and decrease with increasing pump peak power. To estimate the CAR values, we define CAR as [34, 35] 
where µ j = C s, j /R p η tot (j = s, i) are the net single-count rates per pulse at the signal/idler ports with the raw single-count rates C s, j (excluding the dark counts) shown in Figs. 4(c) and 4(d). µ d denotes the dark count rate per pulse of the SSPDs. The estimated CAR values are shown in Fig. 4(b) by solid lines, and they are in good agreement with the experimental data. In this calculation of the CAR values, we used the fitting curves of µ in Fig. 4(a) explained above and second-order polynominal fitting curves of µ s and µ i in Figs. 4(c) and 4(d), respectively. The fitting curves in Figs. 4(c) and 4(d) exhibit the P 1 p -dependence of the single-count rates rather than the P 2 p -dependence associated with SFWM. This P 1 p -dependence indicates that noise photons are generated via processes other than SFWM (e.g., SPM [18, 21, 24, 25] and inelastic scattering [47] ) and the CAR of the GSWs has been reduced due to the graphene-induced loss and such unwanted photon-generation events.
Conclusion
In conclusion, we have evaluated the nonlinear coefficients of GSWs through the coincidence measurement of the photon-pair generation via SFWM. According to the theoretical analysis using the coupled-wave equations [38] [39] [40] [41] , our results clearly reflected a six to tenfold graphene-induced optical NLE, which is consistent with previously reported values [5, 11, 12, 16, 22, 23, 25] . Because unwanted effects (e.g. Raman scattering) are naturally precluded in our measurement, this consistency indicates that graphene's large optical nonlinearity (n 2,eff ∼ 10 −13 m 2 /W) purely originates from the χ (3) nonlinearity rather than the carrier dynamics. Moreover, the photon coincidence measurement method can be easily applied to other two-dimensional materials (BN, MoS 2 , WS 2 ,. . . ) on photonic waveguides of other materials (SiO 2 , Si 3 N 4 , InP,. . . ). Thus, our results provide helpful insights for an in-depth understanding of the nonlinear optical response of graphene (two-dimensional materials) towards high-performance on-chip nonlinear optical devices.
